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Steady, fully-developed force balance

Force balance

Steady                        , fully-developed                       flow
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Newtonian viscous fluid

Constitutive relation
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Newtonian viscous fluid
turbulent flow
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Shallow flows, far sidewalls, bumpy base

Pouliquen, Phys. Fluids 1999
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Shallow flows, far sidewalls, bumpy base
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Granular temperature
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Transport coefficients

viscosity

conductivity

dissipation

equation of state

µ = ρsd T f1 ν;g12( )

κ = ρsd T f2 ν;g12( )

γ = f3(ν;g12;e)ρsT
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N = f4 (ν;g12 )ρsT
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Kinetic theory cartoon
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Inertial number
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Problem solved?
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Profile concavity and viscosity
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Moderate increase in viscosity with depth for core flows 
over a bumpy base
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Role of the base

dissipative,
soft base
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Role of side walls
Sidewall-stabilized heap
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Simula'ons:	  
Nicolas	  Taberlet
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flat, frictional base

Flat, frictional base Delannay,	  et	  al,	  Nature	  Mat.	  2007	  



Louge	  and	  Keast,	  Phys.	  Fluids	  2001
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Flat, frictional base cartoon
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Flat, frictional base experiments

Louge	  and	  Keast,	  Phys.	  Fluids	  2001
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Flat, frictional base; shallow flows

0

20

40

m†

0 2 4 6
H†

20°
18°

16°

Sustained	  flows	  exist	  at	  inclina'ons	  in	  
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Steady flows require variable friction
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µeff = S / N
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Effective friction set by basal rolling
Louge	  and	  Keast,	  Phys.	  Fluids	  2001
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Fluctuation energy
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Flux conundrumN ≈ ρsν gcosαy

α

h

y

u
S ≈ ρsν gsinαy y* ≡ y

d

€ 

if dν
dy

= 0 and dq
dy

≠ 0 ⇒
f1 f2
2 f4

2 + y
*2 tan2α − f1 f3

f4
2

#

$
%

&

'
(= 0

T ≈ ν gcosαy / f4

0 = − dq
dy

+ S du
dy
−γ€ 

dq
dy

≡ 0

T ≈ ν gcosα / f4

€ 

q = −κ
dT
dy

€ 

dκ
dy

≡ 0 Invariant conductivity

f1
f4
1/2 y* d

dy*
f2
f4
3/2 y* 1− d ln f4

dlnν
"

#
$

%

&
'
dlnν
d ln y*
"

#
$

%

&
'

(

)
*

+

,
-

.
/
0

10

2
3
0

40
+ y*2 tan2α − f1 f3

f4
2

(

)
*

+

,
-= 0



Consequence on the volume fraction
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Phonon conductivity
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Mass flow rate versus flowing depth

soft, dissipative base 1

flat, frictional base 1.5

core over a bumpy base 2.5

Newtonian fluid, laminar 3

Newtonian fluid, turbulent 1.5
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Boundaries matter.

hKp://grainflowresearch.mae.cornell.edu

µI = 0.14




