Volume fraction profile in channeled granular flows down an erodible incline
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We use a momentum balance to interpret numerical simulations of dense, steady, fully-developed inclined grz
ular flows of spheres on an erodible base confined between flat frictional side walls. We observe an exponen
profile of mean volume fraction in the direction perpendicular to the base and suggest a scaling for its chare
teristic length. We also predict volume fraction and mean velocity profiles in the ballistic region above the fre
surface.

1 INTRODUCTION

Taberlet et al. (2003) recently reported experiments 604 -
in which grains poured in a channel confined by flat, B, , 28

frictional side walls establish a rectilinear flowing & i
layer of fixed height above a deep static heap. Becausgs: 401 balistic

the flow inclination is considerably larger than the an- 2 layer

gle of repose, they referred to this phenomenon as g 204 7

“Super Stable Heap” (SSH). In a companion paper ap- n.. A

pearing elsewhere in these proceedings, Taberlet et al. s RY

(2005) describe numerical simulations revealing de- 0-+woo— ‘

tails that the physical experiments could not record. -50 0 gg 0 100

Beside reproducing already identified features of thesgyre 1. Profiles of dimensionless mean velocity and volume
phenomenon, the simulations prove that the mobifraction. Conditions arg = 0.8, W/d = 20, a = 45°. We find

lized layer is steady and fully-developed (SFD). In¥s ~ 0.62, 9 ~ 0.08 ands,, /d ~ 48. Flow regions are separated

: ; : : _by vertical dashed lines. The slanted line determines the intercept
this article, we Interprgt .the new results V.Vlth a mo h/d ~ 26. The dashed curve is the model of Eq. 23 for 0.
mentum balance that is informed by the simulationsThe insert shows a detail of near the free surface, with the

We also outline a theory for the dilute surface layersuperimposed prediction of Eq. 19.
where grains undergo ballistic trajectories with rare
collisions. We begin with a summary of observations.

2 OBSERVATIONS 100

Figure 1 shows simulation profiles for the volume —~

fraction and the streamwise velocity, /+/gd made ‘T_

dimensionless with the gravitational acceleratigpn ) 104

and the spherical grain diametérfrom Taberlet et §/

al. (2005). These variables are averaged in the direc- 3

tion z perpendicular to side walls separated by a width c 14

W. Their profiles are shown along the downward di- »

rection s perpendicular to the free surface. In SFD =

flow, all flow variables are independent of the stream- 05—
wise directionz, and the free surface and erodible 0 gd 80

base form a common angtewith the horizontal. In Fioure 2.1 Jwith conditions of
the simulations, the Coulomb friction coefficient of a g 't W;fﬁ]%go/[é”iz%O)/(ys —v)lvs.s/dwi Hons
sphere with another sphere or with the side walls.is

We locate the free surface where the velocity pro-



file exhibits a sharp change in slope. We place thdlow surface is flat and perpendiculargor,, depends
origin of our coordinate systettr, s, z) there and on only ons; and side walls are identical. We define the
the centerline of the channel. Above the free surfacesatio .. (s) of shear to normal stress at the walls such
grains are thrown upwards in ballistic trajectories to athatr,. = Fu,(s)7.. = Fu.(s)7s atz = £W/2.

dilute region experiencing rare collisions. In this bal- Integrating Eq. 3 along and Eq. 4 along yields
listic layer wheres < 0, u,./+/gd varies little and de-

creases away from the free surface withy /ds? > 0. ATes : 9, T8 5
Below, the mean volume fraction rises exponen- ds psgusina iy ®)
tially from the volume fraction/, at the free surface q
to the random loose packing ~ 0.62 on a character- n s
istic length scale Tss = Psg COS X /700 vdf. (6)
v =1uy+ (Vs — 1) [1 — exp(—s/0)] (1) Substituting in Eq. 5, integrating further alosgand

dividing by Eq. 6, we find the effective friction on
Here, d’v/ds*> < 0. In this region, the profile of surfaces at constast
u,/+/gd also resembles an exponential decay along Tos .
s with characteristic length (Komatsu et al. 2001), Hefy = ——— =tana — W’L, (7)
which provides a convenient measure of depth of 5
the mobilized Iayer in physical experiments (Taber-where we define the “friction depth” as
let et al. 2003). Ats = s,, where most grains are no
longer mobilized, we expect that the volume fraction I2 o i (O)dC ono vdb
isv =1, ~0.59 i.e, just above the glass transition for ou(s) =2 T b : (8)
hard spheres,s; ~ 0.58. This value ofy,, is also -
the largest volume fraction that Silbert et al. (2001)comparing Egs. 2 and 7, we identify
observed in their own simulations.

Taberlet et al. (2003) invoke a force balance assum- o = fefr(S = Sm) 9)
ing constant volume fraction and constant wall fric-
tion to explain their empirical observation of and
hity = 0,(5 = 5p). (10)
tana = fu, + o (h/W). 2)

We evaluate the integrals in Eqg. 6 and 8 to estimate

They then interpret.,, as an effective friction coeffi- v To that e_nd, we invoke further simplifying as-
sumptions. First, because volume fractions are small

cient at the side walls that accounts for rolling or slid-: h tied ballistic | . h i
ing contacts. Thus, because such interactions produdg the rarefied ballistic layer, we ignore the contribu-

a ratio of tangential to normal force no greater than 10N Of s €] —00,0] to these integrals. Second, we
these authors expegt, < 4. Simulations confirm the take the point of contact at the wall to be engaged in

trends predicted by Eq. 2 (Taberlet et al. 2005). Next9"S$ slip throughout the mobilized depth with con-

we refine the force balance by incorporating new in-St@Nt/-(s) = jir,¥s < s, from which we expect

formation on the volume fraction profile. pr < pr. Third, we simplify Eq. 1 usingp < v,. Ac-

cordingly,
3 MOMENTUM EQUATIONS _ 901 s/t
We consider the regime in which side walls affectthe o, ~ sy, [1 2(/s) + 2(l/s) (15/5 ) (11)
flow. Taberlet, et al. (2005) suggest that this is where 1= (0/s)(1—e=/)

¢ = (hitw) /(W pr) > 1. The momentum balances for f

. / 7 r s < . Remarkabl is nearly linear in
this two-dimensional SFD flow are or s < sm. Remarkably,o, is nearly linea 5

and thus the effective friction decreases with distance

OTps  OTys from the free surface. Expanding Eq. 11 neéf ~ 0,
= —psgVsina 3)

0s 0z 9

1 /s 1 /s5\2 S\ 3
alongz and, assuming that thecomponent of the " 5“75[1 + E(Z) B @(?) +O(Z) } (12)

contact forces between particles and side walls are . .
negligible (no “Janssen e?fect”) with relative error from Eq. 1k 0.5% at s/¢ < 5.

Thus in generalg, depends weakly o#, v or v.
OTss Combining Egs. 10 and 11 with= v,, ats = s,,,

95 +psgl cos v (4)
j b _ [ (2/rm) + (2/2) (/)
alongs. In these Eqgs.;; is the stress tensor alorig ¢ 1— (U /vs) (1 /1)

on surfaces of normal, andp, is the material density

of the grains. We invoke the following assumptions:where r,,, = Inv, — In(vs — v,,,). Thus, comparing
the normal stress is isotropie,, = 7..; ¥ = v(s); the  the measured value @f.,, /¢ with the predictions of

] , (13)
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Figure 4. Granular temperature in thedirection made dimen-
sionless withy/gd vs.s/d for conditions of Fig. 1. Simulations
of Taberlet, et al. (2005).

U/ (gd)1/2

In the absence of side walls, the effective friction on
planes parallel to the base is constant;; = tan o
(Louge 2003). As Eq. 7 shows, the side walls mod-
Figure 3. Bottom: Profiles of,. /\/gd andv for the conditions ify the .forc.e balance by SUbFraCtmg the friction c_Iepth
shown. We find, ~ 0.63, vo ~ 0.09, s,,, /d ~ 28, h/d ~ 16,and 0w, Which is roughly proportional te. Thus, the side
¢/d ~ 15. Lines and symbols, see Fig. 1. Tapna vs.h/W.  walls progressively reduce the effective friction from
The filled circle refers to conditions of the bottom graph. We find t 51, , at the free surface down to the minimum value
pw ~ 0.4 @ndgtry ~ 0.21. L at which the flow begins to be mobilized. In this
light, our conjecture is that,, is nearly given by
Eq. 15,
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Eq. 13 lets us relatg, to u. We expectu, ~ u for
W/d > 5. However, we find sharp reductions jn
whenW/d < 5 (Taberlet et al. 2003). For example, However,.,,, may be somewhat smaller. The reason
we find i, ~ 0.18 < p with 1W/d = 5 (Fig. 3), which  Is that, while the term-V¢ ~ 0 in the core of a flow
may betray the presence of rolling contacts at the sidwithout side walls, it is positive near ~ s,, in the
walls, or fluctuations in the direction of the contact SSH,—Vq « @°T/ds* > 0, as Fig.4 suggests. Thus,
velocity leading to a smaller projection alongfthe  the flux gradient term in Eq. 14 may contribute to
average friction force. grain mobilization at effective frictior: tan a,,,.
We now discuss the origin of the intercept,
in Eq. 2. To that end, we first refer to experiments# BALLISTIC LAYER
(Pouliguen 1999) and simulations (Silbert et al. 2001)The steep inclination of SSH flows produces an agi-
for inclined flows on a bumpy base without side walls.tated free surface from which spheres are ejected to
Those SFD flows only exist above a minimum inclina-a “ballistic” layer where they undergo mostly inde-
tion tan a,,i,, Which Louge (2003) calculated using a pendent trajectories. Our objective is not to calculate
SFD energy balance of fluctuation energy in the coreboundary conditions for momentum and energy at the
interface between a dense collisional flow and a re-
—V.-q+71:Vu—vy=0, (14) gion of freely flying grains (Jenkins & Hanes 1993).
Here, we seek profiles of volume fraction and mean
where the gradient of the fluctuation energy flux velocity in the ballistic layer. To model the latter, we
is negligible compared with the working of the shearignore collisions and assume that the free surface has
stressr through the velocity gradier¥« or with the  a number density,, = 61, /7d> with Maxwellian ve-
volumetric dissipation rate of fluctuation energy locity distribution. M,
Louge (2003) then expresseth «,,;,, in terms of the
internal frictionuz of the granular assembly and co-
efficients of the dense kinetic theory that appear in Mo = W
the granular viscosityg; = 8(1 + 7/12)/(5v/5); in N
the volumetric dissipation rate of fluctuation energy,such that the average of a quantitys
az = (12/4/7)(1 — €*), wheree is a restitution coeffi-

L ~ tan Qi - (16)

2 2 2
uq ug u
no Ox Y 0z

e 2T6€ 2T(’)e 2T(’) (17)

: . : 1
cient; and in the equation of statg, = 4, <) >= g///w/\/lod%xdugydugz (18)
@ tan @, = — 2. (15) Inthese expressions,y = —s, z represent the three
14 2% cartesian directions, and the subscoiptdicates con-
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Michel Louge
Figure 3 has the wrong value of l/d.  See paper "Explain the exponential nature of the SSH volume fraction profile" of 3/4/05 on pp. N15-N18 (paper SSH-3).  The procedure for finding the actual value of l/d and for plotting the results is shown in the wb "wb_SSH_sim_Rennes_data.xls" in its worksheet called "data".  The actual value of l/d for this case is l/d = 10.  The actual value of n0 is 17% and the origin must be shifted to the right by 3 grain diameters.  The actual value of h/d=13.5 and vx/√gd = 9.9 @ s/d=0.  The value of sm/d is 24; the actual value of \mu_{\tau} is 0.255, see paper above.  The new graph corresponding to the lower figure are found in profiles_w5.gr.

Michel Louge
Note
Dana Smith's data suggests that \mu_m ~ 0.59, which corresponds to the maximum angle at which Pouliquen did measurements...  So can \mu_m be identified with \tan\alpha_{min} from the bumpy chute model?


ditions at the free surface. For convenience, we subd CONCLUSIONS

tracted the mean velocity, of the free surface to find \We have begun to refine the momentum balance of
M,. Our objective is to derive the corresponding dis-the “Super Stable Heap” of Taberlet et al. (2003). In

tribution M at a distance from that surface. Toreach doing so, we pointed out the exponential form of the

such distance, spheres must hayg > /2gncosa.  volume fraction profile in the depth, and related its

Primes in Egs. 17 denote velocities and temperaturgharacteristic length to that of the velocity profile. We

made dimensionless wit{ygicosa andgncosa, re-  also proposed a simple model for the ballistic layer

spectively. Thus, the number density;as above the flow. It remains to explain why the volume
@ fraction exhibits this behavior, to check the predic-
too  pg _% . ong 1 tions of Egs. 13 and 16 with additional simulations,

n = /\/§ W@ 0 dug, = ?erfc( T and to predict profiles of velocity and temperature in

(19) terms of particle properties.

We relate the dimensionless velocities at the free sur- Acknowledgements. This work was supported by
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From the first moment of this distribution, we calcu-
late the mean velocity in the-direction aty = 7,

2 — Tt
<u>_ 2 exp|—gn cos /Ty (23)

VTo ™ erfc(\/gncosoz/T())’

to which we add the mean velocity, of the free
surface that we omitted from Eq. 17. Although the
corresponding momentum per unit volume decreases
as exp[—gncosa/Ty) from the free surface, Eq. 23
predicts a slight increase in the mean velocity. We
plot the corresponding predictions forand u, in

the ballistic layer in Fig. 1 usingj/gd ~ 4.5 (Fig 4)
andy, ~ 0.08 (Fig. 1) from simulations. Despite in-
evitable discontinuities at the free surface, both pre-
dictions agree reasonably well with data, although itis
unclear whether the actual velocity remains constant
or increases slightly witly as this model predicts.



Michel Louge
Note
This calculation must be updated following discussions with Javier Brey and Jim Dufty. It is the distribution of the flux that should replace M0, see seminar notebook p. 23.

Michel Louge
Note
This calculation should be replaced by an integration of the Boltzmann equation.




