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Abstract
We measure kinematic coefficients of normal restitution in head-on collisions of two
identical small spheres of acrylic, ceramic or steel suspended by thin resilient strands
at low enough impact speeds for adhesion to lower the restitution. We observe such
reduction at speeds consistent with an apparent adhesion surface energy larger than
expected.
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Introduction

The behavior of two colliding grains ultimately governs the dynamics of granular gases engaged in binary impacts. Although the collisions of two solids
of arbitrary shape is not in general described by kinematics alone (Stronge,
2000; Smith and Liu, 1992), theories for ideal granular gases often assume that
head-on impacts of two relatively hard spheres have a single point of contact
and possess a kinematic coefficient of normal restitution e such that
v− · n̂ = −e v+ · n̂,

(1)
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where v = c1 − c2 is the relative velocity of spheres 1 and 2, c is their absolute
velocity, n̂ is the unit vector joining their centers, and the superscripts + and
−
denote quantities immediately before and after impact.
While most granular theories (Lun et al., 1984; Jenkins and Richman, 1985;
Sela and Goldhirsch, 1998; Montanero et al., 1999) assume constant normal
restitution, Turner and Woodcock (1990), Weber et al. (2004), Rognon et al.
(2008), Brewster et al. (2005), and McNamara and Falcon (2008) have recognized how collective grain dynamics is affected by reductions in e due to
material failure (Lifshitz and Kolsky, 1964; Vu-Quoc et al., 2000) or viscoelastic energy loss (Ramı́rez et al., 1999) in rapid impacts.
Van der Waals attraction also reduces normal restitution at low collision speed.
In that regime, the contact adhesion theories of elastic (Johnson et al., 1971;
Derjaguin et al., 1975; Maugis, 1992), elasto-plastic (Thornton and Ning, 1998;
Mesarovic and Johnson, 2000), and visco-elastic (Attard, 2001; Haiat et al.,
2003; Brilliantov et al., 2007) spheres reassure theorists of granular gas dynamics that, at the relatively low surface energies of typical grain materials,
adhesion should make e vanish only for particles of very small size at low
impact speed. Nonetheless, in this paper, we offer experimental evidence that
normal restitution for spheres as large as a few mm can breakdown at impact
velocities higher than hitherto expected. In other words, for inelastic collisions, apparent surface energies seem to be larger than equilibrium values for
the same contacting solids.
This phenomenon eluded earlier observations, perhaps because sphere diameters or impact speeds were larger than our own. Conventional wisdom is that
e . 1 at v + = 0, and that e continuously decreases as v + ≡ |v+ · n̂| grows. This
is the behavior that Hatzes et al. (1988) and Supulver et al. (1995) reported
with ice spheres of 4 – 40 cm diameter. Using pendula holding 25 mm steel
spheres, Stevens and Hrenya (2005) also found e rolling off at large v + , and
interpreted observations with available theories. Labous et al. (1997) did so
for their 6 – 25 mm binary collisions of nylon spheres.
Evidence of the breakdown of e at low speeds is limited. By repeatedly bouncing an 8 mm diameter carbide sphere off a plate, Falcon et al. (1998) reported
decreasing restitution as the contact duration eventually caught up with the
ballistic time of flight between two consecutive impacts. Interestingly, the raw
data of Supulver et al. (1995) with a rubber ball or Hatzes et al. (1988) with
ice spheres also hint at the existence of a roll-off toward low speeds, e → 0 as
v + → 0. Quinn (2005) observed such roll-off for impacts of a convex object
on a plate at low v + , and attributed this to the external force that he superimposed on the colliding solids. For isolated impacts at low speed, Thornton
and Ning (1998), Mesarovic and Johnson (2000), and Brilliantov et al. (2007)
identified this force as adhesion.
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Apparatus

Figure 1 sketches the pendular collision apparatus. Two identical, small spheres
of material density ρ, diameter d, Young modulus E, Poisson ratio ν, van der
Waals surface energy γ and mass m = ρ(π/6)d3 are attached by a single dab
of cyanoacrylate adhesive to two strands of Honeywell Spectra 9000, diameter
9 µm, forming a V with apex angle ≈ 30◦ and constraining the spheres to
swing on circular trajectories of radius R ≈ 100 mm. (Spectra has the highest
strength/weight ratio of any fiber, so is an ideal support of negligible mass.
Other strand material such as human hair, copper wire, or dental floss do not
keep taut while holding relatively light spheres).
The four silk strands are carefully adjusted to equal length using guitar tuners,
so the resulting pendula are constrained to rotate along the same axis with
unit vector ŷ. The suspension assembly of one of the spheres is moved to
the correct location using fine translation stages along three cartesian axes
aligned with the unit vectors ŷ, n̂, and the unit vertical ẑ directed against the
gravitational acceleration g. At rest, the suspension axes of the two pendula
are directed along ẑ, while the spheres just touch with line of centers along
n̂ = ŷ × ẑ.
To adjust their lengths while providing sharp corners around which they will
later describe half-swings without slip between impacts, the relatively fragile
strands are wrapped along shallow grooves cut on hemi-cylindrical blocks. A
symmetrical mechanism actuated by a solenoid releases both spheres simultaneously without appreciable spin. To ensure that the center of mass of the
combined two-sphere system does not swing away from the vertical axis, two
arms separate the spheres equally from the impact site and release them from
the same height.
Stroboscopic photographs are recorded by a Kodak DC 290 digital camera
with 1792 × 1200 pixels, on an optical axis along ŷ, at a 6 s exposure, producing highly contrasted sphere outlines against diffuse backlighting (Fig. 2).
Lenses produce close-up photographs with resolution equivalent to 150 to 550
pixels/cm with negligible distortion, allowing observations of narrow or wide
swing amplitudes corresponding to low or high velocity impacts, respectively.
A focusing target made of an array of cartesian lines and circles calibrates the
image size, verifies the absence of distortion or parallax, checks that sphere
centers reside on the object plane, and fixes the origin of (n̂, ŷ, ẑ) at the point
of contact. Wider photographs viewing both spheres and their pendular pivot
points are used to check alignment accuracy and to determine R.
A photogate consisting of an infrared light-emitting diode and a detector positioned on opposite sides of the particle path records when spheres reach
3

Fig. 1. Sketch of the pendular apparatus. Each sphere is suspended by a V-shaped
strand held in place by grooves cut in support blocks. Spheres are released by
quickly rotating the bottom mechanism in the direction shown and describe successive half-swings between impacts. They move freely through the gap of the photogate. The guitar tuners, the micrometer assembly that adjusts the position of the
wide block, and the camera are not shown. For clarity, vectors of the coordinate
axes are sketched away from the origin at the spheres’ contact point, and sphere
and strand sizes are exaggerated.

perigee. For each swing, a computer acquires the photogate pulse, updates
the pendulum period, predicts when spheres reach their apogee, and triggers the stroboscopic flash at that instant. Because spheres have vanishing
velocity at apogee, small errors in the timing of the flash are inconsequential. Photographs are analyzed by overlaying a circle on sphere outlines using
commercial photo-editing software. For best accuracy, the vertical elevations
zi of successive sphere centers q
at apogee are calculated from their horizontal
coordinates ni using zi = R − R2 − n2i . From this, we infer the total energy
Ti = mgzi of each sphere as it passes through its i-th apogee on the side of its
hemi-cylindrical block.
Impact experiments are preceded by calibrations in which each sphere moves
alone in a series of progressively shorter full swings. Such tests allow us to
model the energy dissipation possibly induced by drag on the pendulum and
friction in the strands, and to check that each sphere describes a circular
trajectory in the half-swing on the side of its supporting block. The total
energy at the end of a swing is proportional to that at its onset, Ti+1 = (1−)Ti
with   1, indicating that the fractional energy dissipation  in a full swing
is proportional to total energy. This suggests that losses arise from the work of
viscous or frictional forces that are proportional to the instantaneous velocity
of the pendulum. Using this information, we calculate the relative velocities
4

Fig. 2. A typical stroboscopic photograph of successive apogees for small-amplitude,
low-velocity swings of acrylic spheres. The dark outline of the photogate is visible
in the foreground.
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where velocities just before and after contact are calculated, respectively, from
the preceding (superscript + ) and following (superscript − ) elevations z1 and
z2 of the two apogees corrected for total energy loss in a quarter swing. We
then deduce e from Eq. (1).
The apparatus produced impacts of alumina ceramic, acrylic and 302-stainless
steel spheres with properties summarized in Table 1. To verify that electrostatics played a negligible role, we reproduced experiments near a 150 mm-wide
EXAIR “Ionizing bar” connected to a 5 kV power supply. By creating an
equal number of positive and negative charges in the surrounding air, the bar
neutralized static electricity that may have accumulated on the spheres and
supporting apparatus. By repeating experiments in summer and winter, we
also gauged effects of relative humidity in the range 14 to 51%. Because we
could discern no change in the variations of e versus v + , neither electrostatic
nor capillarity forces played a role in the results. Finally, because results were
insensitive to the heights at which spheres were originally released, or to how
many times they had previously bumped, successive collisions did not affect
e, unlike the more violent impacts of Falcon et al. (1998) and Weir and Tallon
(2005) that involved relatively massive spheres.
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Results

Figure 3 shows experimental data. Restitution at large speed agrees with the
free-fall binary impact results of Lorenz et al. (1997) and Louge et al. (2000).
To within experimental error, e clearly rolls off at low impact speeds. Dashed
lines mark the least-squares fit of e versus v + to the apparent surface energy γaT
and yield strength σY of the elasto-plastic theory of Thornton and Ning (1998),
5
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Fig. 3. Normal restitution e for ceramic, steel, and acrylic spheres versus relative
speed v + before impact. Symbols are data points; for clarity, typical error bars
are only shown at one low speed and one high speed; dashed and solid lines are,
respectively, least-squares fit to the elasto-plastic theory of Thornton and Ning
(1998) and the visco-elastic theory of Brilliantov et al. (2007).

which these authors reported in closed-form. 1 The resulting yield strength is
reasonable for our materials. Solid lines are least-squares fits to the apparent
surface energy γaB and relaxation time A of the visco-elastic theory of Brilliantov et al. (2007). 2 Although the two theories differ in their predictions of e
versus v + , their values of γaB and γaT found in Table 1 are consistent, but much
larger than equilibrium surface energies, which we expected to be on the order
of γ ∼ 0.4 − 4 J/m2 for metals (Tewary and Fuller, 1990; Israelachvili, 1992),
γ ' 1.6 − 11 J/m2 for alumina ceramic (Siegel et al., 2003) and γ ' 0.04
J/m2 for plastics (Lee, 1991).
A tempting explanation is that another quantity is involved. For example, Maugis
1

Equation (81)
√ of Thornton and Ning (1998) contains a typo. The leading constant
should read 6 3/5.
2 For consistency with Johnson et al. (1971), we integrate the equation of motion
2 ]1/3 and
(33) of Brilliantov et al. (2007) until the contact radius asep = [(π/6)γDReff
force Fsep = −(5π/6)γReff , rather than to the asep and Fsep that Brilliantov et al.
(2007) assumed in their Eqs. (15) and (16).
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Table 1
Sphere properties: d (mm), ρ (g/cm3 ), E (GPa), and ν. Parameters fitted to Thornton and Ning (1998): σY (GPa), γaT (J/m2 ). Parameters fitted to Brilliantov et al.
(2007): A (µs), γaB (J/m2 ). Restitution e∞ observed at high speed.
Material

d

ρ

E

ν

σY

γaT

A

γaB

e∞

ceramic

3

3.86

370

.26

3.9

100

0.024

92

0.958 ± 0.05

steel

3

7.92

190

.28

1.8

56

0.19

45

0.904 ± 0.04

acrylic

3.96

1.22

3

0.35

0.073

22

0.44

14

0.918 ± 0.05

(1992) introduced a parameter λ reconciling the theories of Johnson et al.
(1971) (JKR; λ → ∞) and Derjaguin et al. (1975) (DMT; λ → 0) for elastic
adhesive spheres. Our numerical integration of his equations of motion yields
a critical velocity at which e vanishes,

+
vcrit
=

v
u
u 6C(λ) γ 5/3 (1 − ν 2 )2/3
t
,

ρd5/3 E 2/3

π

(3)

similar to Eq. (54) of Thornton and Ning (1998), where C∞ ≡ C(λ → ∞) '
7.09219 and C(λ = 0) = 0 in the JKR and DMT limits, respectively, and
C(λ) ' λ(C∞ λ3 −3.6λ2 +5λ+0.14)/(λ4 −0.49λ3 +0.47λ2 +0.079λ+0.00036) is
a fit for other values of λ. Because C(λ) < max(C) ' 8.53621 with max(C) >
+
C∞ , and because γ ∝ 1/C 3/5 at a given vcrit
, the apparent surface energy
inferred from our experiments could be smaller than in Table 1, if we adopted
a finite λ ∼ 0.68 instead of the Johnson et al. (1971) limit. However, because
γa would merely be reduced by < 1 − (C∞ /Cmax )3/5 ' 11%, such reduction
could not explain why we recorded high apparent surface energies. Greenwood
(1997) proposed an alternative elastic theory, with similarly negligible effects
on γa . Therefore, reasons for high γa must be found elsewhere.
In that quest, it is instructive to recall the hysteretic behavior of energy between loading and unloading of solid-solid contacts in polymers (Chaudhury
and Whitesides, 1991, 1992; Chaudhury and Owen, 1993; Chaudhury et al.,
1996). Such hysteresis, which involves higher surface energies upon unloading (Zeng et al., 2006; Alcantar et al., 2003), may be related to our anomalously
high apparent adhesion energies. For metals, Brenner et al. (1981) and Veistinen and Lindroos (1984) also reported apparent surface energies above equilibrium values (Rogers and Reed, 1984), suggesting that unloading requires
work closer to that for crack propagation (Cook, 1986; Tattersall and Tappin,
1966). In other words, it seems as though inelastic impacts fuse material locally in the loading phase, perhaps at surface asperities, thus requiring higher
work for unloading and separation. In turn, this might produce the breakdown
of normal restitution at critical velocities higher than expected.
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